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PRINCIPAL FREQUENCY OF THE p-LAPLACIAN AND THE
INRADIUS OF EUCLIDEAN DOMAINS
GUILLAUME POLIQUIN
Abstract. We study the lower bounds for the principal frequency of the p-
Laplacian on N-dimensional Euclidean domains. For p > N , we obtain a
lower bound for the first eigenvalue of the p-Laplacian in terms of its inradius,
without any assumptions on the topology of the domain. Moreover, we show
that a similar lower bound can be obtained if p > N−1 assuming the boundary
is connected. This result can be viewed as a generalization of the classical
bounds for the first eigenvalue of the Laplace operator on simply connected
planar domains.
1. Introduction and main results
1.1. Physical models involving the p-Laplacian. Let Ω be an N -dimensional
Euclidean bounded domain. The p-Laplacian, where 1 < p < ∞, p 6= 2, is a
nonlinear operator defined as
∆pf = div(|∇f |p−2∇f),
for suitable f . Notice that the case p = 2 corresponds to the well known Laplace
operator. The p-Laplacian is used to model different physical phenomena, see for
instance [DTh, GR, Poli].
The Laplacian can be used to describe the vibration of a homogeneous elastic
membrane, such as a vibrating drum. The p-Laplace operator can also be used
to model vibrating membrane, but composed of a nonelastic membrane under the
load f ,
−∆p(u) = f in Ω,(1.1.1)
u = 0 on ∂Ω.
The solution u stands for the deformation of the membrane from the equilibrium
position (see [CEP, Si]). In that case, its deviation energy is given by
∫
Ω
|∇u|pdx.
Therefore, a minimizer of the Rayleigh quotient,∫
Ω
|∇u|pdx∫
Ω
|u|pdx ,
on W 1,p0 (Ω) satisfies −∆p(u) = λ1,p|u|p−2u in Ω. Here λ1,p is usually referred as
the principal frequency of the vibrating nonelastic membrane.
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1.2. The eigenvalue problem for the p-Laplacian. For 1 < p < ∞, we study
the following eigenvalue problem:
(1.2.1) ∆pu+ λ|u|p−2u = 0 in Ω,
where we impose the Dirichlet boundary condition and consider λ to be the real
spectral parameter. We say that λ is an eigenvalue of −∆p if (1.2.1) has a nontrivial
weak solution uλ ∈ W 1,p0 (Ω). That is, for any v ∈ C∞0 (Ω),
(1.2.2)
∫
Ω
|∇uλ|p−2∇uλ · ∇v − λ
∫
Ω
|uλ|p−2uλv = 0.
The function uλ is then called an eigenfunction of −∆p associated to the eigenvalue
λ. The case N = 1 is better understood since explicit solutions in terms of beta
functions are known (see [D, E]).
If N ≥ 2, it is known that the first eigenvalue of the Dirichlet eigenvalue problem
of the p-Laplace operator, denoted by λ1,p, is characterized as,
(1.2.3) λ1,p = min
06=u∈C∞
0
(Ω)
{∫
Ω
|∇u|pdx∫
Ω |u|pdx
}
.
The infimum is attained for a function u1,p ∈ W 1,p0 (Ω). In addition, λ1,p is simple
and isolated. Moreover, the eigenfunction u1 associated to λ1,p does not change
sign, and it is the only such eigenfunction (a proof can be found in [Lind1]).
Via for instance Lyusternick-Schnirelmann maximum principle, it is possible to
construct λk,p for k ≥ 2 and hence obtain an increasing sequence of eigenvalues
of (1.2.1) tending to ∞. There exist other variational characterizations of these
eigenvalues. However, no matter which variational characterization one chooses,
it always remains to show that all the eigenvalues obtained that way exhaust the
whole spectrum of ∆p.
1.3. The principal frequency and the inradius. Given an Euclidean domain
Ω, the inradius is defined as the radius of the largest ball inscribed in Ω, denoted
by BρΩ where ρΩ := sup{r : ∃Br ⊂ Ω}. Obtaining an upper bound for the first
eigenvalue of the p-Laplacian involving the inradius is immediate. Indeed, noticing
that BρΩ ⊂ Ω and using the domain monotonicity property, we have that
λ1,p(Ω) ≤ λ1,p(Br) = λ1,p(B1)ρ−pΩ .
On the other hand, lower bounds involving the principal frequency are a greater
challenge. A classical lower bound for the case the Laplacian is the Faber-Krahn
inequality. It that can be adapted to the p-Laplacian, λ1,p(Ω) ≥ λ1,p(Ω∗), where
Ω∗ stands for the n-dimensional ball of same volume than Ω (see [Lind2, p. 224]).
It is also possible to obtain a lower bound for the first eigenvalue of the Laplace
operator involving the inradius of the domain. That is
(1.3.1) λ1,2(Ω) ≥ αN,2 ρ−2Ω ,
where αN,2 > 0 is a positive constant. The latter is equivalent, in the theory of
vibrating membranes, to knowing whether for a drum to produce an arbitrarily low
note, it is necessary that one can inscribe an arbitrarily large circular drum.
In the case of simply connected planar domains, it is known that (1.3.1) holds
with the constant α2,2 =
pi2
4 (see [He, Mak, Hay, Oss]). More recently, the better
constant α2,2 ≈ 0.6197 was found using probabilistic methods in [BaC]. A similar
lower bound for domains of connectivity k ≥ 2 also holds (see [Cr]).
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In higher dimensions, it was first noted by W.K. Hayman in [Hay] that if A is
a ball with many narrow inward pointing spikes removed from it, then λ1,2(A) =
λ1,2(Ball), but in that case the inradius of A tends to 0. Therefore, bounds of the
type,
λ1,2(Ω) ≥ αN,2 ρ−2Ω ,
are generally not possible to obtain even if Ω is assumed to be simply connected.
The aim of this paper is to study the following generalization to the case of the
p-Laplace operator of the following inequality,
(1.3.2) λ1,p(Ω) ≥ αN,p ρ−pΩ ,
where αN,p > 0 is a positive constant. The main results, stated in the Section 1.4,
were announced in [Poli]. Other related lower bounds for the first eigenvalue were
also discussed in [Poli].
1.4. Main results. A striking difference between the usual Laplace operator and
the p-Laplacian is that it is possible to obtain bounds of the type (1.3.2) in higher
dimensions, as long as p is "large enough" compared to the dimension. Indeed,
Hayman’s observation remains valid in the case p ≤ N − 1 since for such p, every
curve has a trivial p-capacity. Recall that p-capacity can be defined for a compact
set K ⊂ Br, where N > 2, as
Capp(K,Br) := inf
{∫
Br
|∇φ|pdx, φ ∈ C∞0 (Br), φ ≥ 1 on K
}
.
On the other hand, for p > N , even a single point has a positive p-capacity (see
[Maz, Chapter 13, Proposition 5 and its corollary]). Consequently, Hayman’s coun-
terexample no longer holds since removing a single point has an impact on the
eigenvalues as it can be seen from (1.2.3). This leads to the following theorem:
Theorem 1.4.1. Let p > N and let Ω be a bounded Euclidean domain. Then,
there exists a positive constant CN,p such that
(1.4.1) λ1,p(Ω) ≥ CN,pρ−pΩ .
It is known that if p > N − 1, every curve has a positive p-capacity. Therefore,
Hayman’s counterexample does not work in that case as well. Nevertheless, points
do not have a positive p-capacity if N − 1 < p ≤ N . Taking into account the latter
observations, we get the following result:
Theorem 1.4.2. Let Ω be a bounded Euclidean domain such that ∂Ω is connected.
If p > N − 1, then there exists a positive constant CN,p such that
(1.4.2) λ1,p(Ω) ≥ CN,pρ−pΩ .
Theorem 1.4.2 can be viewed as a generalization of classical results for the Lapla-
cian on simply connected planar domains (p = N = 2) discussed earlier in Section
1.3. Our techniques allow to generalize these results to arbitrary dimensions with-
out however the explicit constants.
Also notice that the result can not hold if p = N − 1, as noted by Hayman for
the case p = 2, N = 3.
Remark 1.4.3. The proof of Theorem 1.4.2 also holds provided that the connected
components of Ω∁ are "large enough". It would be interesting to extend Theorem
1.4.2 for domains that are k-connected.
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2. Proofs
2.1. Proof of Theorem 1.4.1. In order to prove (1.4.1), we need the following
lemma:
Lemma 2.1.1. Let p > N , then for all a ∈ ∂Ω, there exists CN,p > 0 such that∫
BR(a)
|uλ(x)|pdx ≤ CN,pRp
∫
BR(a)
|∇uλ(x)|pdx
where R > 0.
Proof. Since p > N , we know that every boundary point is regular (see for instance
[Lind3, p. 19 and Section 6] for a discussion on regular boundary points). Hence,
the boundary condition is attained in the classical sense. Therefore, ∀a ∈ ∂Ω,
uλ(a) = 0. Pick any such a. Let R be any positive number. We want to show that
there exists CN,p > 0 such that∫
BR(a)
|uλ(x)|pdx ≤ CN,pRp
∫
BR(a)
|∇uλ(x)|pdx.
Notice that BR(a) ∩ Ω∁ may not be empty. In such case, we extend uλ by zero
outside Ω. Since p > N , by a weaker version of Sobolev-Morrey result (see [Evans,
p. 283]), for every x ∈ BR(a), we have that
|uλ(x)| = |uλ(x)− uλ(a)| ≤ CN,p||∇uλ||Lp(Br(x)∩Br(a))|x− a|1−N/p,
where r = |x− a| ≤ R. Therefore, since x ∈ BR(a), we have that Br(x) ∩Br(a) ⊂
BR(a), thus, we get that
|uλ(x)| ≤ CN,pR1−N/p||∇uλ||Lp(BR(a)).
Raising to the power p and integrating over BR(a) yield that∫
BR(a)
|uλ(x)|pdx ≤ CN,pV ol(BR(a))Rp−N
∫
BR(a)
|∇uλ(x)|pdx(2.1.1)
≤ CN,pRp
∫
BR(a)
|∇uλ(x)|pdx.

Following Hayman’s argument, the next step consists of using [Hay, Lemma 5],
Lemma 2.1.2. Ω can be covered by balls Br(x) for x ∈ ∂Ω, r = ρΩ(1 +
√
N) such
that the Br(x) can be divided into at most C2 ≤ (2
√
N + 4)N subsets in such way
that different balls in the same subset are disjoint.
Covering Ω by such balls combined to (2.1.1), one gets that∫
Ω
updV ≤ C(N, p)rp
∫
Ω
|∇u|pdV
≤ C1(N, p)ρpΩ
∫
Ω
|∇u|pdV,
for all u ∈ C∞0 (Ω). This concludes the proof of Theorem 1.4.1.
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2.2. Proof of Theorem 1.4.2. Let δ = 4ρΩ(1 +
√
N). For any x ∈ ∂Ω, let Bδ(x)
denote a ball of radius δ centered at x. Let K denote the connected component
of Ω∁ ∩ Bδ(x) containing x. Notice that diam(K) ≥ δ. Indeed, by contradiction,
suppose that diam(K) < δ. Then, K ∩ ∂Bδ(x) = ∅, which is equivalent to saying
that Ω∁ ∩∂Bδ(x) = ∅. The latter implies that Ω∁ is bounded, a contradiction since
∂Ω is connected and Ω is bounded.
Let r = ρΩ(1 +
√
N) = δ4 . We need to use a lemma to obtain a lower bound on
the capacity of K, namely [BuTr, Lemma 5.2], which states that:
Lemma 2.2.1. Let p > N − 1. Let K ⊂ RN be a compact, connected set. Then,
for all x ∈ K and r < 12 diam(K), we have
Capp(K ∩Br(x), B2r(x)) ≥
Capp([0, 1]× {0}N−1, B2(x))
Capp(B1(0), B2(0))
Capp(Br(x), B2r(x)).
Since diam(K) ≥ δ, we have that 12 diam(K) ≥ 12δ > r, which allows us to use
the latter lemma, yielding that
(2.2.1)
Capp(K ∩Br(x), B2r(x)) ≥
Capp([0, 1]× {0}N−1, B2(x))
Capp(B1(0), B2(0))︸ ︷︷ ︸
CN,p
Capp(Br(x), B2r(x)).
Let F = K ∩ Br(x) = Ω∁ ∩ Br(x). Note that u ≡ 0 on F ⊂ Br(x). Therefore,
using [Maz, Theorem 14.1.2], we get that
(2.2.2)
∫
Br(x)
|u|pdV ≤ KN,pr
N
Capp(F,B2r(x))
∫
Br(x)
|∇u|pdV,
where KN,p is a non-explicit constant. Using (2.2.1), we get that
1
Capp(F,B2r(x))
≤ 1
CN,pCapp(Br(x), B2r(x))
=
1
CN,prN−p Capp(B1(0), B2(0))
.
Combining the latter equation with (2.2.2), we get that
(2.2.3)
∫
Br(x)
|u|pdV ≤ KN,pr
p
CN,pCapp(B1(0), B2(0))
∫
Br(x)
|∇u|pdV.
Following Hayman’s argument, the next step consists of using Lemma 2.1.2. Co-
vering Ω by such balls combined to (2.2.3), one gets that∫
Ω
updV ≤ K1,N,pK2,N,prp
∫
Ω
|∇u|pdV
≤ K3,N,pρpΩ
∫
Ω
|∇u|pdV,
for all u ∈ C∞0 (Ω), yielding the desired result.
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